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We study the equivalence between the recently proposed finite environment quantum jump model
and a master equation approach. We derive microscopically the master equation for a qubit coupled
to a finite bosonic environment and show that the master equation is equivalent with the finite
environment quantum jump model. We analytically show that both the methods produce the same
moments of work when the work is defined through the two-measurement protocol excluding the
interaction energy. However, when compared to the work moments computed using the power
operator approach, we find a difference in the form of the work moments. To numerically verify our
results, we study a qubit coupled to an environment consisting of ten two-level systems.
I. INTRODUCTION
Although the thermodynamics of small quantum sys-
tems has been intensively studied in the past few years [1–
34], measuring thermodynamic variables, such as work,
heat and entropy, and their fluctuations in these systems
has turned out be a difficult task. Only recently the
work fluctuation relations have been experimentally ver-
ified in driven closed quantum systems using the two-
measurement protocol [13, 14]. For open quantum sys-
tems the situation is even more problematic. Instead of
measuring only the internal energy of the system at the
beginning and at the end of the drive, also the heat emit-
ted to the environment must be measured. One of the
few proposed measurement schemes to address this issue
is the calorimetric detection of the immediate environ-
ment [35].
In the calorimetric measurement, the small quantum
system is coupled to a large but finite environment. The
coupling between the system and the environment is as-
sumed to be weak enough such that it can be neglected
in the energy terms and modeled by stochastic jumps
alone. Due to these environment induced jumps between
the system eigenstates, heat is exchanged with the en-
vironment. The resulting changes in the environment
energy are continuously monitored by a detector. As a
consequence, the heat released to the environment can be
measured without directly measuring the quantum sys-
tem. For a two-level quantum system (qubit), the in-
ternal energy change of the system can also be obtained
from the heat emitted [44]. As the environment is large
and coupled to a detector, it is assumed to be decohered
into a set of energy eigenstates, called microstates [36].
In a recent paper [36], a finite-environment quan-
tum jump (FEQJ) model was introduced to describe the
calorimetric process. In the model, a jump changes both
the system and the environment states. The evolution
of the system is non-Markovian as its previous history
affects its future evolution through the evolution of the
environment.
FIG. 1: Schematic illustration of the calorimetric setup. The
qubit and the calorimeter start from thermal equilibrium with
an ideal bath. During the protocol, the qubit is driven by a
classical field λ(t). The calorimeter is constantly monitored
with a detector. In the simulations, the calorimeter is as-
sumed to contain two-level systems with energy gap equiva-
lent to that of the qubit ~ω0.
In this article, we study compatibility of the FEQJ
model with the corresponding master equation approach.
We focus on a weakly driven qubit coupled to a finite
bosonic environment, called calorimeter from here on.
The setup is illustrated in Fig 1. The qubit and calorime-
ter are assumed to be initially thermalized by the ideal
bath. During the driving protocol, we neglect the cou-
pling to the ideal bath as it is assumed to be very weak
compared to the inverse of the total driving time τ . Due
to the detector, the calorimeter is assumed to decohere
into it’s eigenstates.
We start the article by microscopically deriving the
master equation for the qubit coupled to the calorime-
ter. We then show that the master equation obtained is
equivalent to the master equation formed from the FEQJ
model. We also show that both methods produce the
same work moments when the work is defined using the
two-measurement protocol [37–39] (TMP) without the
interaction energy. For master equation calculations, we
additionally show that the power operator definition of
work [23, 24] does not produce exactly the same work mo-
ments due to a different order of approximations. Last,
2we numerically study a qubit coupled to an environment
consisting of 10 two-level systems with an energy gap
equivalent to that of the qubit. We calculate the qubit
density matrix and the first two moments of work with
the FEQJ method and directly from the master equa-
tion. We find an excellent agreement between the meth-
ods when the work is defined using TMP without the in-
teraction energy. However, when compared to the work
moments from the power operator approach, we show
that the agreement sensitively depends on the form of
the driving.
II. MICROSCOPIC DERIVATION OF THE
MASTER EQUATION
We focus on a two-level system (qubit) H0 = ~ω0a†a
that is weakly driven by a classical source VD(t) =
λ(t)a† + λ∗(t)a, where a = |0〉 〈1| and a† = |1〉 〈0| are
the annihilation and creation operators in the undriven
basis. The states |1〉 and |0〉 denote the excited and
ground states of the undriven Hamiltonian, H0, respec-
tively. The qubit Hamiltonian is then given by Hq(t) =
H0 +VD(t). As shown in Fig. 1, the qubit is weakly cou-
pled to a bosonic calorimeter by V =
∑
k κk(a
†dk+ad
†
k),
where the coupling strength κk is real and dk and d
†
k are
the calorimeter’s annihilation and creation operators as-
sociated with energy k. The calorimeter Hamiltonian is
given by Hc =
∑
k kd
†
kdk.
Let us start from the total density matrix of the qubit-
calorimeter composite, which can always be expressed as
ρ(t) =
∑
i,j,m,n
αijmn(t) |i〉 〈j| ⊗ |Ψm〉 〈Ψn| , (1)
where |Ψn〉 are calorimeter energy eigenstates (mi-
crostates) forming a complete basis. In order to wit-
ness the energy changes in the calorimeter, it is contin-
uously monitored with a detector. As a consequence of
the monitoring, we assume that the calorimeter deco-
heres almost instantaneously into the einselected basis
with αijmn(t) = 0 if m 6= n [40]. Consequently, the total
density matrix simplifies to
ρ(t) =
∑
n
σ(n, t)⊗ |Ψn〉 〈Ψn| , (2)
where σ(n, t) =
∑
i,j αijnn(t) |i〉 〈j|. It should be noted
that the matrix σ(n, t) cannot be interpreted as a qubit
density matrix since its trace over qubit degrees of free-
dom gives the probability of a calorimeter state |Ψn〉,
denoted as p(Ψn, t). The reduced density matrices of
the qubit and the calorimeter are given by ρq(t) =
Trc {ρ(t)} =
∑
n σ(n, t), and ρc(t) = Trq {ρ(t)} , respec-
tively, where the subscript c (q) in the trace denotes the
trace over the calorimeter (qubit) degrees of freedom.
Let us assume that the total density matrix starts from
a tensor product state of the form Eq (2). In the interac-
tion picture with respect to H0 +Hc, the time evolution
of the total density matrix is given by the following equa-
tion up to the second order of VD and V :
ρ˙I(t) =
i
~
[ρI(t), VD,I(t)]
− 1
~2
∫ t
−∞
dt′[VI(t), [VD,I(t′) + VI(t′), ρI(t)]],(3)
where the subscript I denotes the interaction picture,
e.g., VI(t) = e
i(H0+Hc)t/~V (t)e−i(H0+Hc)t/~. The master
equation for σI(n, t) = Trc {ρI(t) |Ψn〉 〈Ψn|} then takes
the form:
σ˙I(n, t) =
i
~
[σI(n, t), VD,I(t)]
− 1
~2
∫ t
−∞
dt′Trc {[VI(t), [VI(t′), ρI(t)]] |Ψn〉 〈Ψn|}
(4)
By inserting the Hamiltonians and neglecting the
Lamb shift (see Appendix A for details), we obtain the
following master equation in the Schrodinger picture:
σ˙(n, t) =
i
~
[σ(n, t), Hq(t)]
−
∑
k
{
Γ↑,k(n)
2
[
σ(n, t)aa† + aa†σ(n, t)
]
− Γ↓,k(n′k)aσ(n′k, t)a† − Γ↑,k(n′′k)a†σI(n′′k , t)a
+
Γ↓,k(n)
2
[
σ(n, t)a†a+ a†aσ(n, t)
]}
, (5)
where n′k and n
′′
k are the calorimeter microstate indices
that satisfy |Ψn′k〉 = dk |Ψn〉 /||dk |Ψn〉 || and |Ψn′′k 〉 =
d†k |Ψn〉 /||d†k |Ψn〉 ||, respectively. The transition rates de-
pend on the state of the calorimeter and are of the form:
Γ↑,k(n) = g2k 〈Ψn| d†kdk |Ψn〉 ; (6)
Γ↓,k(n) = g2k 〈Ψn| dkd†k |Ψn〉 , (7)
with g2k =
2pi
~2 κ
2δ(ω0 − k/~). From the point of view of
qubit’s degrees of freedom, Eq. (5) is non-Markovian as
the evolution does not only depend on the qubit’s state
but also on state of the calorimeter. For the total density
matrix, Eq. (5) gives a master equation of the form:
ρ˙(t) = L[ρ(t)]
=
i
~
[ρ(t), Hq(t)]
−
∑
k
{
g2k
2
[
ρ(t)aa†d†kdk + aa
†d†kdkρ(t)
]
− g2kad†kρ(t)a†dk − g2ka†dkρ(t)ad†k
+
g2k
2
[
ρ(t)a†adkd
†
k + a
†adkd
†
kρ(t)
]}
. (8)
The results above were derived assuming that the
calorimeter state can only change through the interaction
with the qubit. In electronic systems [41–43], however,
3the internal relaxation of the calorimeter is commonly
the fastest time scale. In these instances, the state of the
calorimeter is more accurately described using a micro-
canonical ensemble instead of a single microstate. The
total density matrix then reads
ρ(t) =
∑
E
σ(E, t)⊗ σc(E), (9)
where E denotes the calorimeter energy and σ(E, t)
is the qubit matrix. According to the micro-
canonical ensemble, the calorimeter matrix σc(E) =
[1/N(E)]
∑
k |Ψk〉 〈Ψk| δEk,E , where Ek is the energy of
microstate |Ψk〉 and N(E) is the number of microstates
with energy E. The derivation of the master equation
for σ(E, t) is similar to the previous case, yielding
σ˙(E, t) =
i
~
[σ(E, t), Hq(t)]
−
{
Γ↑(E)
2
[
σ(E, t)aa† + aa†σ(E, t)
]
− Γ↓(E − ~ω0)aσ(E − ~ω0, t)a†
− Γ↑(E + ~ω0)a†σ(E + ~ω0, t)a
+
Γ↓(E)
2
[
σ(E, t)a†a+ a†aσ(E, t)
]}
, (10)
where the transition rates are energy dependent
Γ↑/↓(E) = [1/N(E)]
∑
k,n Γ↑/↓,k(n)δEn,E .
III. EQUIVALENCE WITH THE FEQJ MODEL
In this section, we show that the same master equation
of Eq. (5) is also produced by the FEQJ model by averag-
ing over the stochastic trajectories. In the FEQJ model,
the interaction between the qubit and the calorimeter is
described as stochastic jumps. When a jump occurs, not
only the qubit’s state but also the state of the calorimeter
changes such that the energy difference of the calorime-
ter states corresponds to the energy change in the qubit.
For the system studied, these jumps are caused by jump
operators D↓,k = gka ⊗ d†k and D↑,k = gka† ⊗ dk. For
convenience, we denote the jump operators using only
one index Dm.
Let us assume that the calorimeter is in a microstate
|Ψk〉 and the qubit is in a state |ψ(t)〉 at time t. Accord-
ing to the FEQJ protocol [36], the probability for a jump
in the time interval [t, t+ δt] is given by
δp =
∑
m
δpm =
∑
m
δtTrq+c{D†mDmσ ⊗ σc}, (11)
where δpm is the probability of a jump corresponding to
the jump operator Dm, the system and calorimeter states
are presented in the matrix form, i.e, σ(t) = |ψ(t)〉 〈ψ(t)|
and σc(t) = |Ψk〉 〈Ψk|, respectively. In the case that a
jump caused by Dm occurs, the qubit state changes to
σ(t+ δt) = Trc{Dmσ ⊗ σcD†m}/(δpm/δt). Similarly, the
calorimeter state changes to σc(t + δt) = Trq{Dmσ ⊗
σcD
†
m}/(δpm/δt).
In the case that there are no jumps in the time interval
[t, t + δt], the time evolution is given by the nonunitary
Hamiltonian
H(t) = Hq(t) +Hc − i~
2
∑
m
D†mDm, (12)
where Hq and Hc are the qubit and calorimeter Hamil-
tonians, respectively. Consequently, the qubit and
calorimeter states evolve into σ(t + δt) = Trc{U(t +
δt, t)σ⊗σcU†(t+δt, t)}/(1−δp)+O(dt2) and σc(t+δt) =
Trq{U(t + δt, t)σ ⊗ σcU†(t + δt, t)}/(1 − δp) + O(dt2),
where U(t+ δt, t) = 1− i~H(t)δt. Due to the assumption
that the calorimeter is in a microstate at time t, the non-
unitary evolution does not change the calorimeter state,
i.e., σc(t+ δt) = σc(t).
For time t+δt, we consider the total state averaged over
the different outcomes between [t, t + δt]. Let us denote
this averaged total state as ρave(t+ δt) =
∑
n σave(n, t+
δt) ⊗ |Ψn〉 〈Ψn|, where σave(n, t + δt) is the conditional
average over all qubit state outcomes with environment
state |Ψn〉multiplied with the probability of environment
state |Ψn〉. As we assume the qubit and calorimeter to be
respectively in states |ψ〉 and |Ψk〉 at time t, σave(n, t) =
0 when n 6= k and σave(k, t) = σ(t) = |ψ〉 〈ψ|. According
to the protocol described above,
σave(k, t+ δt)
= Trc{U(t+ δt, t)σave(k, t)⊗ |Ψk〉 〈Ψk|U†(t+ δt, t)}
= σave(k, t)− i~δt[Hq(t), σave(k, t)]
−1
2
∑
m
δtTrc{D†mDmσave(k, t)⊗ |Ψk〉 〈Ψk|}
−1
2
∑
m
δtTrc{σave(k, t)⊗ |Ψk〉 〈Ψk|D†mDm}
+O(δt2), (13)
as only the no-jump evolution contributes to σave(k, t +
δt). Let us use |Ψkm〉 to denote the new calorimeter
microstate if a jump caused by Dm occured from state
|Ψk〉. Due to the possibility of these jumps, σave(km, t+
δt) becomes non-zero:
σave(km, t+ δt) = Trc{Dmσave(k, t)⊗ |Ψk〉 〈Ψk|D†m}.(14)
The above results were obtained by assuming a fixed
state at time t. If we now average over all the possible
4values of qubit and calorimeter states at time t, we get
σave(n, t+ δt)
= σave(n, t)− i~δt[Hq(t), σave(n, t))]
−1
2
∑
m
δtTrc{D†mDmσave(n, t)⊗ |Ψn〉 〈Ψn|}
−1
2
∑
m
δtTrc{σave(n, t)⊗ |Ψn〉 〈Ψn|D†mDm}
+
∑
m
Trc{Dmσave(n′m, t)⊗ |Ψn′m〉 〈Ψn′m |D†m}
+O(δt2) (15)
for all n, where the bar denotes averaging over all the
possible qubit and calorimeter states at time t and the
index n′m denotes the calorimeter state |Ψn′m〉 from which
the jump operator Dm can cause a jump to the calorime-
ter state |Ψn〉. By inserting the exact form of the jump
operators and defining ˙σave(n, t) = limδt→0[σave(n, t +
δt) − σave(n, t)]/δt, the equation becomes equivalent to
Eq. (5):
˙σave(n, t)
=
i
~
[σave(n, t), Hq(t)]
−
∑
k
{
Γ↑,k(n)
2
[
σave(n, t)aa
† + aa†σave(n, t)
]
− Γ↓,k(n′k)aσave(n′k, t)a† − Γ↑,k(n′′k)a†σave(n′′k , t)a
+
Γ↓,k(n)
2
[
σave(n, t)a
†a+ a†aσave(n, t)
]}
, (16)
with transition rates given by Eqs. (6) and (7), the in-
dices n′k and n
′′
k satisfy |Ψn′k〉 = dk |Ψn〉 /||dk |Ψn〉 || and
|Ψn′′k 〉 = d
†
k |Ψn〉 /||d†k |Ψn〉 ||, respectively. In a similar
manner when the calorimeter reaches a microcanonical
ensemble immediately after a jump, the FEQJ model
produces a master equation equivalent to Eq. (10) (See
Appendix B).
IV. MOMENTS OF WORK
Due to the difference in calculating thermodynamics
observables, the equivalence between the master equa-
tions is not enough to guarantee that the distributions of
the observables are equivalent in both methods. In this
section, we show that the moments of work produced by
the methods are indeed identical when using the TMP
without the interaction energy. However, the power oper-
ator approach is found not to agree with the TMP results
without certain assumptions of the driving. We assume
here that at time t = 0, both the qubit and the calorime-
ter start from thermal equilibrium with respect to inverse
temperature β such that they can be expressed as a ten-
sor product ρ(0) = ρq(0) ⊗ ρc(0), which is a stationary
solution of Eq. (8).
A. FEQJ method
The work done in a single FEQJ trajectory can be ob-
tained with a projective energy measurement for both the
qubit and the calorimeter in the beginning (t = 0) and
after the drive (t = τ). The work is then defined as the
energy difference between the final and initial outcomes.
That is, the qubit-calorimeter interaction is neglected in
the work values.
In the case of a qubit, the additional projective en-
ergy measurements for the qubit are not necessary as the
calorimeter itself acts as a measurer. The initial and final
energy of the qubit can be determined from the last jump
before the drive and from the first jump after the drive,
respectively. The total heat exchanged during the drive
is given by summing over the heat exchanges caused by
the jumps in the trajectory. A jump down and a jump up
in the qubit cause a ~ω0 heat emission to the calorimeter
and a ~ω0 heat absorption from the calorimeter, respec-
tively. The work of a trajectory is then obtained as the
change in the internal energy of the qubit plus the total
heat released to the calorimeter. This leads to a work
distribution equivalent to that of the double projective
measurements for both the qubit and the calorimeter [36].
As shown in Appendix C, the moment generating func-
tion of the resulting work distribution can be expressed
as
〈eiµWtmp〉 = Trq+c
{
T←eiµ[HHq+c(τ)−HHq+c(0)]ρ(0)
}
, (17)
where Hq+c(t) = Hq(t) + Hc is the Hamiltonian of
the composite system without the interaction Hamilto-
nian and T← is the time ordering operator. The su-
perscript H denotes the Heisenberg picture, such that
HHq+c(t) = Hq+c(t)V (t, 0), where the superoperator
V (t, 0) = T←e
∫ t
0
L(t′)dt′ acts on the objects on the right
side of it. The moments take the form
〈Wntmp〉 = (−i)n
∂n〈eiµWtmp〉
∂µn
∣∣∣∣
µ=0
= Trc+q
{T← {[HHq+c(τ)−HHq+c(0)]n} ρ(0)}
=
n∑
m=0
(
n
m
)
Trc+q
{
[HHq+c(τ)]
n−m[HHq+c(0)]
mρ(0)
}
.
(18)
These correlation functions can be calculated directly us-
ing the master equations of Eq. (8) and (10). As these
equations are linear in terms of the density matrices, we
can express the moments as
〈Wntmp〉 =
n∑
m=0
∑
i,k
(
n
m
)
(−Ek − ~ω0δi,1)m
× Trc+q
{
[HHq+c(τ)]
n−mχ(i, k, τ)
}
,
(19)
where χ(i, k, τ) is a density matrix that evolves accord-
ing to the master equation with initial value χ(i, k, 0) =
5|i〉 〈i|⊗|Ψk〉 〈Ψk|. As shown in the previous section, both
methods produce equivalent evolution for the density ma-
trix. Thus, they also produce equivalent evolution for
χ(i, k, τ) and consequently equivalent moments of work.
B. Power operator approach
For direct master equation calculations, the moments
of work can be alternatively calculated with the power
operator approach, which can be derived by starting
from the two measurement protocol of an isolated system
whose evolution is unitary during the protocol [24]. With
the power operator approach, the first two work moments
for the total isolated system are given by [23, 24]
〈Wp〉 =
∫ τ
0
dtTrc+q{PHu(t)ρ(0)}, (20)
〈W 2p 〉 = 2
∫ τ
0
dt1
∫ t1
0
dt2 ×
Re
{
Trc+q
{
PHu(t1)P
Hu(t2)ρ(0)
}}
, (21)
where H(t) is the total Hamiltonian of the composite
system, P (t) = ∂tH(t), and the superscript Hu denotes
the usual Heisenberg picture of unitary evolution. When
the driving term only acts on the qubit degrees of free-
dom, P (t) = ∂tHq(t). The equations (20)-(21) can then
be calculated by replacing the unitary evolution with the
one given by the master equation of Eq. (8) in the finite-
environment case, or with a Lindblad equation in the case
of an infinite environment [24]. However, as the approxi-
mations are done in a different order as compared to the
way of calculating the work with the FEQJ method, the
resulting moments of work are not completely identical
unless certain assumptions are made on the driving.
To illustrate this, let us start from the average work
given by FEQJ method, which can also be expressed as
〈Wtmp〉 =
∫ τ
0
dtTrc+q
{
∂t[H
H
q+c(t)ρ(0)]
}
=
∫ τ
0
dtTrc+q {∂tHq(t)ρ(t)}
+
∫ τ
0
dtTrc+q {Hq+c(t)ρ˙(t)} ,
= 〈Wp〉+
∫ τ
0
dtTrc+q {Hq+c(t)L[ρ(t)]} ,
(22)
where L[ρ(t)] is given by Eq. (8). Clearly, the aver-
age works are equivalent for all driving times τ only if
Trc+q {Hq+c(t)L[ρ(t)]} is zero for all t. Inserting Eq. (8),
the difference between the average work values simplifies
to
〈Wtmp〉 − 〈Wp〉 =
−
∑
n,k
[Γ↓,k(n) + Γ↑,k(n)]
∫ τ
0
dtRe{λ(t) 〈0|σ(n, t) |1〉}.
(23)
For a sinusoidal driving λ(t) = λ0 sin(ωdt), the term
Re{λ(t) 〈0|σ(n, t) |1〉 is generally non-zero. However, in
the case of resonant driving, i.e., ωd = ω0, the term be-
comes zero if the fast oscillating terms of the drive are
neglected. This can be shown by changing into an inter-
action picture with respect to H0:
〈Wtmp〉 − 〈Wp〉 = −
∑
n,k
[Γ↓,k(n) + Γ↑,k(n)]
×
∫ τ
0
dtRe{λI(t) 〈0|σI(n, t) |1〉},
(24)
where the driving term λI(t) = e
iω0tλ(t), and I denotes
the interaction picture. As we start from thermal equilib-
rium, σI(n, 0) is real for all n. In the interaction picture,
the master equation [Eq. (5)] is real and consequently
σI(n, t) stays real for all t. When the fast oscillating
terms in the drive are neglected, λI(t) = iλ0/2 becomes
imaginary and consequently Re{λI(t) 〈1|σI(n, t) |0〉} =
0. A similar difference occurs also in the higher moments.
The difference exits also when the qubit is coupled to
an infinite or memoryless environment. In this case the
evolution can be described with Eq. (10) by replacing
all σ of different energies with ρq(t) and removing the
energy dependence of the transition rates. As the equa-
tion is then in the Lindblad form, the standard quantum
jump method can be used. For the system studied, the
difference between the average work becomes
〈Wtmp〉 − 〈Wp〉 =
− (Γ↓ + Γ↑)
∫ τ
0
dtRe{λI(t) 〈0| ρq,I(t) |1〉},
(25)
where ρq,I(t) is the qubit density matrix in the interac-
tion picture with respect to H0, Γ↓ and Γ↑ are the transi-
tion rates for jump down and up, respectively. Again, for
a resonant sinusoidal driving, the difference becomes zero
if the fast oscillating terms of the drive are neglected.
Both definitions give the same work moments also if
the qubit is driven adiabatically and the jumps occur
between the instantaneous eigenstates. However in the
case of nearly adiabatic off-resonance driving [28], the
definitions can lead to different work moments [45].
V. NUMERICAL RESULTS
We focus on a weakly driven qubit coupled to a finite
environment consisting of 10 two-level systems, whose
energy gap is equivalent to that of the qubit. The qubit
is assumed to be coupled to each two-level system with
the same coupling strength. Both the qubit and the en-
vironment start from thermal equilibrium such that the
initial total density matrix can be written as
ρ(0) = ρq(0)⊗ ρc(0)
=
∑
i,k
e−β(Ek+~ω0δi,1)
ZqZc
|i〉 〈i| ⊗ |Ψk〉 〈Ψk| , (26)
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FIG. 2: Time evolution of the qubit’s excited state popula-
tion given by direct master equation calculations [Eq. (10)]
for different driving frequencies ωd. The environment consist
of 10 two-level systems with an energy gap equivalent to that
of the qubit. The drive is discretized using 106 equidistant
timesteps. The driving amplitude λ0 = 0.05~ω0 and the cou-
pling strength |g|2 = 0.01/(ne~), where ne = 10 is the number
of two-level systems in the environment.
where β is the inverse temperature of the ideal bath,
Zq =
∑
i e
−β~ω0δi,1 is the partition function of the qubit,
Zc =
∑
k e
−βEk is the partition function of the calorime-
ter. We study three sinusoidal driving protocols: a reso-
nant driving ωd = ω0 and non-resonant driving frequen-
cies ωd = 0.9ω0 and ωd = 1.1ω0. In the simulations, we
use the driving amplitude λ0 = 0.05~ω0. For simplic-
ity, we focus on the case where the environment relaxes
to a microcanonical state instantaneously after a jump.
Consequently, there are only eleven environment states to
consider. We use the coupling strength |g|2 = 0.01/(ne~),
where ne = 10 is the number of two-level systems in the
environment.
We calculate the time evolution of the qubit den-
sity matrix directly by evolving the master equation.
The time evolution of the qubit’s excited state popula-
tion is illustrated in Fig. 2 for the driving frequencies
ωd/ω0 = 0.9, 1.0 and 1.1. As can be seen from the figure,
resonant driving pumps the qubit from the ground state
to the excited state and vice versa much more efficiently
than the non-resonant driving frequencies ωd = 0.9ω0
and ωd = 1.1ω0. Due to the coupling to the environ-
ment, the excited population’s oscillation caused by the
drive weakens in time.
In order to compare the master equation evolution to
the FEQJ results, we calculate the trace distance between
the total density matrices of the methods. As the total
density matrices are hermitian, the trace distance can be
calculated as
T (ρme, ρqj) =
1
2
∑
j
|µj |, (27)
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FIG. 3: The maximum trace distance (T ) between the total
density matrices given by the FEQJ simulations (ρqj) and di-
rect master equation calculations (ρme) as a function of the
number of trajectories in the FEQJ simulations. The param-
eters are the same as in Fig. 2.
where ρme denotes the total density matrix given by the
master equation evolution [Eq. (10)], ρqj denotes the
total density matrix formed from the FEQJ trajectories
and µj are the eigenvalues of the matrix ρ
me−ρqj . Figure
3 shows the maximum trace distance between the total
matrices as a function of the number of trajectories in the
FEQJ simulations. For all the driving frequencies stud-
ied, the FEQJ density matrix approaches the ME density
matrix by increasing the number of trajectories. This
agrees with the theoretical prediction that both methods
give identical evolution within the numerical accuracy.
We also investigated the work statistics produced by
the methods. For all the driving frequencies, we calcu-
late the first two moments of work with both methods
by using the two measurement protocol without the in-
teraction energy. For the direct master equation calcu-
lations, we additionally calculate the moments using the
power operator approach. The results for the average
work are presented in Fig. 4. The inset shows the aver-
age work given by the power operator approach. As can
been seen from the inset, the resonant driving produces
much larger work values than the non-resonant driving.
This is due to the fact that the resonant driving pumps
the qubit from the ground state to the excited state with
a much higher rate as already witnessed in Fig. 2. For
resonant driving, the power operator definition of work
agrees well with the two measurement protocol results as
the contribution of the fast oscillating terms in Eq. (23)
is small due to weak and periodic driving. However, the
power operator definition of work significantly deviates
from the two measurement protocol results in the case of
non-resonant driving. Already in the case of a slightly
off-resonant driving of ωd/ω0 = 1.0 ± 0.1, the average
work from TMP and the power operator approaches dif-
fers up to 10% with the parameters studied. As proven
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FIG. 4: Comparison between the average work given by
the power operator approach (POA) 〈Wp〉 and the two-
measurement protocol (TMP) 〈Wtmp〉 for different driving
frequencies. The POA results are given by the direct master
equation calculations. The lines correspond to TMP average
work values given by direct master equation calculations and
the markers correspond to the ones given by the FEQJ sim-
ulations. The parameters are the same as in Fig. 2. Inset:
The average work of the power operator approach given by
the direct master equation calculations.
in Section IV A, the FEQJ model and the direct mas-
ter equation calculations are found to agree when using
the TMP definition of work regardless of the driving fre-
quency.
For the second moment of work (Fig. 5), the TMP
and power operator approach are found to agree in the
case of resonant driving. For the non-resonant driving of
ωd/ω0 = 1±0.1, the approaches differ even more than in
the case of the average work, up to 20%. Regardless of
the driving frequency, the second work moments of the
FEQJ model and the direct master equation calculations
are found to agree when using the TMP definition of work
as illustrated in Fig. 5.
VI. SUMMARY AND CONCLUSIONS
In this article, we have studied the compatibility of
the FEQJ model and the corresponding master equation.
We have theoretically shown that the two methods pro-
duce equivalent evolution for the total density matrix.
We have additionally shown that both methods produce
equivalent work moments when the work is defined using
the two-point measurement protocol (TMP) without the
interaction energy. However, the power operator defini-
tion of work can deviate from the TMP work values due
to a different order of approximations. In the case of adi-
abatic driving or sinusoidal resonant driving, the power
operator approach agrees with the TMP work values.
To illustrate the results, we have numerically studied
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FIG. 5: Comparison between the second moment of work
given by the power operator approach (POA) 〈W 2p 〉 and the
two-measurement protocol (TMP) 〈W 2tmp〉 for different driv-
ing frequencies. The POA results are given by the direct
master equation calculations. The lines correspond to TMP
second work moment values given by direct master equation
calculations and the markers correspond to the ones given
by the FEQJ simulations. The parameters are the same as in
Fig. 2. Inset: The second work moment of the power operator
approach given by the direct master equation calculations.
a qubit coupled to 10 two-level systems with an energy
gap equivalent to the one of the qubit. We have shown
that the FEQJ model and the master equation produce
equivalent density matrix evolution and TMP work val-
ues within the numerical accuracy. We have also shown
that with the parameters studied, the average work given
by the power operator approach can differ from the TMP
results by 10% due to a slightly off-resonant sinusoidal
driving ωd = 1.0± 0.1ω0. In the case of the second work
moment, the deviation is even higher. This highlights,
the importance of treating work consistently with the
method that is used to describe the dynamics. In the
case of FEQJ, TMP without the interaction energy ap-
pears the natural choice as the model itself neglects the
interaction energies.
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8Appendix A: Derivation of Eq. (5) from Eq. (4)
By inserting the Hamiltonians into Eq. (4) in the main
text, it takes the form:
σ˙I(n, t) =
i
~
[σI(n, t), VI(t)]
− 1
~2
∫ t
−∞
dt′
∑
k,l
κ2
(
e−i(ω0−ωk)t−i(ω0−ωl)t
′
× 〈Ψn| [ad†k, [ad†l , ρI ]] |Ψn〉
+ e−i(ω0−ωk)t+i(ω0−ωl)t
′ 〈Ψn| [ad†k, [a†dl, ρI ]] |Ψn〉
+ ei(ω0−ωk)t+i(ω0−ωl)t
′ 〈Ψn| [a†dk, [a†dl, ρI ]] |Ψn〉
+ ei(ω0−ωk)t−i(ω0−ωl)t
′ 〈Ψn| [a†dk, [ad†l , ρI ]] |Ψn〉
)
.
(A1)
We can simplify the expression by taking into account
that the time integral
∫ 0
−∞ dt
′eiωt
′
= piδ(ω) − iP(1/ω),
where P is the Cauchy principal value and the imaginary
part only affects the Lamb shift. Neglecting the Lamb
shift,
σ˙I(n, t) =
i
~
[σI(n, t), VI(t)]
− 1
2
∑
k
g2k
(
〈Ψn| [ad†k, [a†dk, ρI ]] |Ψn〉
+ 〈Ψn| [a†dk, [ad†k, ρI ]] |Ψn〉
)
=
i
~
[σI(n, t), VI(t)]
− 1
2
∑
k
g2k
{
νk(n)
[
σI(n, t)aa
† + aa†σI(n, t)
]
− 2ηk(n′k)aσI(n′k, t)a†
− 2νk(n′′k)a†σI(n′′k , t)a
+ ηk(n)
[
σI(n, t)a
†a+ a†aσI(n, t)
]}
, (A2)
where g2k = 2piκ
2~−2δ(ω0 − ωk), νk(Ψn) =
〈Ψn| d†kdk |Ψn〉, ηk(Ψn) = 〈Ψn| dkd†k |Ψn〉, n′k
and n′′k are the calorimeter microstate indices
that satisfy |Ψn′k〉 = dk |Ψn〉 /||dk |Ψn〉 || and
|Ψn′′k 〉 = d
†
k |Ψn〉 /||d†k |Ψn〉 ||, respectively. The ex-
pression can be simplified by defining the up and down
transition rates:
Γ↑,k(Ψn) = g2kνk(Ψn), (A3)
Γ↓,k(Ψn) = g2kηk(Ψn), (A4)
Using these transition rates the master equation takes
the same form as in Eq. (5) in the main text.
Appendix B: Equivalence between the master
equation of Eq. (10) and the FEQJ model when the
calorimeter relaxes instantaneously to a
microcanonical state after a jump
Let us assume that the internal relaxation of the
calorimeter is the fastest time scale such that the
calorimeter relaxes instantaneously after a jump into a
microcanonical ensemble of the states corresponding to
the same energy and stays in the microcanonical en-
semble until another jump. We can still use the FEQJ
model to calculate the qubit dynamics by using an av-
eraged calorimeter state instead of a single calorimeter
microstate in Eqs. (11) and (12).
Let us assume that the calorimeter has energy E at
time t. For time t + δt, where δt is very short, we
consider again the averaged total state ρave(t + δt) =∑
n σave(En, t + δt) ⊗ σc(En), where σave(En, t + δt) is
the conditional average over all qubit state outcomes with
environment energy En multiplied with the probability of
environment energy En. As we assume the calorimeter
to have an energy E at time t, σave(En, t) = 0 when
En 6= E. According to the FEQJ protocol [36],
σave(E, t+ δt)
= Trc{U(t+ δt, t)σave(E, t)⊗ σc(E)U†(t+ δt, t)}
= σave(E, t)− i~δt[Hq(t), σave(E, t)] (B1)
−1
2
∑
m
∑
k∈{↑,↓}
δtTrc{D†m,kDm,kσave(E, t)⊗ σc(E)}
−1
2
∑
m
∑
k∈{↑,↓}
δtTrc{σave(E, t)⊗ σc(E)D†m,kDm,k}+O(δt2),
as only the no-jump evolution contributes to σave(E, t+
δt). Due to the possibility of a jump corresponding to
energy change ~ω0, σave(E + ~ω0, t + δt) and σave(E −
~ω0, t+ δt) become non-zero:
σave(E + ~ω0, t+ δt) =
Trc{
∑
m
Dm,↓σave(E, t)⊗ σc(E)D†m,↓}. (B2)
σave(E − ~ω0, t+ δt) =
Trc{
∑
m
Dm,↑σave(E, t)⊗ σc(E)D†m,↑}. (B3)
Averaging over all the trajectories with different qubit
9and calorimeter states at time t, we get
σave(En, t+ δt)
= σave(En, t)− i~δt[Hq(t), σave(En, t))]
− 1
2
∑
m
∑
k∈{↑,↓}
δtTrc{D†m,kDm,kσave(En, t)⊗ σc(En)}
− 1
2
∑
m
∑
k∈{↑,↓}
δtTrc{σave(En, t)⊗ σc(En)D†m,kDm,k}
+
∑
m
Trc{Dm,↓σave(En − ~ω0, t)⊗ σc(En − ~ω0)D†m,↓}
+
∑
m
Trc{Dm,↑σave(En + ~ω0, t)⊗ σc(En + ~ω0)D†m,↑}
+O(δt2).
(B4)
By inserting the exact form of the jump operators
and defining ˙σave(k, t) = limδt→0[σave(k, t + δt) −
σave(k, t)]/δt, the equation becomes equivalent to Eq.
(5):
˙σave(En, t)
=
i
~
[σave(En, t), Hq(t)]
−
{
Γ↑(E)
2
[
σave(En, t)aa
† + aa†σave(En, t)
]
− Γ↓(En − ~ω0)aσave(En − ~ω0, t)a†
− Γ↑(En + ~ω0)a†σave(En + ~ω0, t)a
+
Γ↓(En)
2
[
σave(En, t)a
†a+ a†aσave(En, t)
]}
,
with transition rates given by Γ↑/↓(E) =
[1/N(E)]
∑
k,n Γ↑/↓,k(n)δEn,E .
Appendix C: Work moments given by the FEQJ
method
For simplicity, let us focus on the case where
the calorimeter stays in the same microstate
between the jumps. We denote the probabil-
ity of a quantum trajectory with N jumps as
PQJ [i, f,Ψ0,ΨN , {Dmk}Nk=1, {tk}Nk=1], where i is the
initial state of the qubit, f is the final state of the
qubit, Ψ0 is the initial state of the calorimeter, ΨN is
the final state of the calorimeter and a jump caused
by Dmk = gmkAmk ⊗ Bmk occurs at time tk. As
the calorimeter’s state does not change between the
jumps we can use the calorimeter traced jump operators
Cm =
√
Γm(Ψ)Am where Ψ is the calorimeter state
and the transition rate Γm(Ψ) is defined such that
Trq{CmσC†m} = Trs+c{Dmσ ⊗ |Ψ〉 〈Ψ|D†m} for all qubit
states σ = |ψ〉 〈ψ|.
Using the calorimeter traced jump operators, the tra-
jectory’s probability can be written as [36]:
PQJ [i, f,Ψ0,ΨN , {Dmk}Nk=1, {tk}Nk=1]
= (δt)NP [i,Ψ0]
[
N∏
k=1
Γmk(Ψk−1)
]
×
∣∣∣∣∣〈f |Ueff(τ, tN )
[
N∏
k=1
AmN+1−kUeff(tN+1−k, tN−k)
]
|i〉
∣∣∣∣∣
2
,
(C1)
where |Ψk〉 is the calorimeter state after k:th jump and
the no-jump evolution is given by
Ueff(tk+1, tk) = T←e−
i
~
[∫ tk+1
tk
Hq(t)−i ~2
∑
i Γi(Ψk)A
†
iAidt
]
,
where Hq(t) is the qubit Hamiltonian and T← is the time-
ordering operator. The TMP moments of work are then
given by [36]:
〈Wntmp〉 =
∑
traj
[~ωf + EN − (~ωi + E0)]n
× PQJ [i, f,Ψ0,ΨN , {Dmk}Nk=1, {tk}Nk=1]
=
∑
traj
n∑
k=0
(
n
k
)
(~ωf + EN )n−k(−~ωi − E0)k
× PQJ [i, f,Ψ0,ΨN , {Dmk}Nk=1, {tk}Nk=1].
(C2)
By summing over the trajectories that start from the
same initial states and produce equivalent final states, we
can express the moments as
〈Wntmp〉 =
n∑
k=0
∑
i,f,Ψ0,ΨN
(
n
k
)
(~ωf + EN )n−k(−~ωi − E0)k
×Trc+q{|f〉 〈f | ⊗ |ΨN 〉 〈ΨN |χ(i,Ψ0, τ)}
=
n∑
k=0
∑
i,Ψ0
(
n
k
)
(−~ωi − E0)k
×Trc+q{Hn−kq+c (τ)χ(i,Ψ0, τ)}, (C3)
where Hq+c(t) = Hq(t) + Hc is the Hamiltonian of the
composite system without the interaction Hamiltonian,
and χ(i,Ψ0, τ) is a density matrix of the total system
evolved according to the master equation of Eq. (8) with
initial value χ(i,Ψ0, 0) = |i〉 〈i| ⊗ |Ψ0〉 〈Ψ0|. As Eq. (8)
is linear, we can simplify the expression to be
〈Wntmp〉 =
n∑
k=0
∑
i,Ψ0
(
n
k
)
× Trc+q{Hn−kq+c (τ)V (τ, 0)Hkq+c(0)ρtot(0)},
(C4)
where ρtot(0) is the initial total density matrix operated
by Hkq+c(0) at time t = 0. The resulting matrix is evolved
in time according to Eq. (8). This time evolution is given
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by the superoperator V (t, 0) = T←e
∫ t
0
L(t′)dt′ that acts
on the objects on the right side of it. The corresponding
moment generating function is given by
〈eiµWtmp〉 = Trq+c
{
T←eiµ[HHq+c(τ)−HHq+c(0)]ρ(0)
}
, (C5)
where the superscript H denotes the Heisenberg picture,
such that HHq+c(t) = Hq+c(t)V (t, 0). In the case that
the calorimeter instantaneously reaches a microcanonical
ensemble after a jump, the derivation is similar and leads
to the same form of the moment generating function.
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